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The existence of perfect double error-correcting codes on q sym- 
bols (q _>- 2) is discussed. (i) References are given for q = 2, 3, 5. 
(ii) I t  is shown that  there are no perfect double error-correcting 
codes for q = 4, 6. (iii) Some remarks are made concerning arbi t rary q. 
I. INTRODUCTION 
Let q be an integer >_-2, and let Zq denote the ring of integers rood q. 
Let V ~ denote the n-dimensional vector space of all n-tuples whose 
entries are taken from Zq. #(V ~) = qn. The distance between two 
points of V ~ is defined as the number of places in which they disagree. 
A perfect double error-correcting code 1 is a subspace S c V ~ such that 
(i) the distance between any two points of S is at least 5, (ii) every 
point of V ~ is within distance 2 of some (unique) point of S. Since S 
is a subspace, #(S) = ~-~ q , for some k = n. We call such a perfect 
double error-correcting code an (n, k)q code. n is the number of trans- 
mission symbols, lc is the number of check symbols. 
A necessary condition that a perfect code exist is that the space V ~ 
break up into disjoint spheres of radius 2 about the points of S. The 
number of points X(q) in such a sphere is (0)  +(1)  (q -- 1 )+ 
(2)(q-- l)2. SincethespheresfillupV~,#(S)'X(q) = #(V~). I-Ience, 
X(q) = 1 , (1 ) (q - - I ) -~(2) (q - -1 )2=q k, (1) 
/c and n integers with 0 _< k -< n. We denote a solution to ( 1 ) by # (n,/~) q. 
For properties and definitions connected with error-correcting codes, see 
Peterson (1961). 
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Thus, a necessary condition for the existence of an (n, k )q code is that 
there exist a solution ~(n, k )q of (1). 
Remark. Notice that (1) has the solutions /~(0, O)q, ~(1, 1)q, and 
~(2, 2)q. These are the trivial solutions and are not relevant o error- 
correcting codes. Henceforth, by a solution/~ (n, k)q to (1) we mean a 
nontrivial solution, i.e., a solution such that 3 -_ k -< n. 
Solving (1) as a quadratic equation in n yields 
n = (q - 3) + %/(q: - 6q q- 1) q- 8q k (2) 
2(q - 1) 
Hence, a necessary condition for (1) to have a solution in integers is that 
the diophantine quation 
X 2_  (q2_  6qq- 1) - 8q k = 0 (3) 
have a solution in integers X and k. When q is odd, X is even. Under 
the transformation X --> 2X, (3) becomes (for q odd) 
X 2 _ (q2 _ 6q q- 1)/4 - 2q k -- 0. (3") 
II. q = 2, 3, AND5 
1. For q = 2, (3) becomes 
X 2 q- 7 = 2 k+~. (4) 
Nagell (1948), Shapiro and Slotnick (1959), Skolem, Lewis, and Chowla 
(1959), Browkin and Schinzel (1956), and others 2have considered (4) 
and shown that its only solutions (for k > 2) occur when k = 4, 12. 
These values of k lead to two solutions of (1): ~(5, 4)2 and ~(90, 12)2. 
From # (5, 4)2 we get the (5, 4) 2 code S = { (0, 0, 0, 0, 0), ( 1, 1, 1, 1, 1 ) }. 
Golay (1949) and Shapiro and Slotnick (1959) have shown that 
#(90, 12)2 does not lead to a perfect code. From this it also follows that 
(1) is not a su~cient condition for the existence of a perfect double error- 
correcting code. 
2. For q = 3, (3*) becomes X 2 d- 2 -- 2.3 ~. The transformation 
X ---+ 2X turns this into 
2X ~ + 1 = 3 k. (5) 
Lee (1958) pointed out that this equation had been completely solved 
2 See Math. Revs. 26, No. 74 for a complete listing. 
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by Nagell (1923), its only solution (for k > 2) occurring when k = 5. 
This leads to the solution ~(11, 5)3 of (1), for which Golay (1949) had 
found an (11, 5)3 code. Zierler (1963) has given another (11, 5)3 code 
equivalent 1 o Golay's. 
3. For q = 5, (3*) becomes X 2 + 1 = 2-5 ~. The transformation 
X ~ 2X ~- 1 turns this into 
X 2+ (X+ 1) 2 = 5 ~. (6) 
Engelman (1961) has shown that there are no solutions to this equation 
(for k > 2), and hence that there are no (n, k)5 codes. 
I I I .  q = 4AND6 
In the previous section we saw that there were no (n, k)q codes for 
q = 5, and one each for q = 2 and q = 3. In this section we show that 
there are no (n, k)q codes for q = 4 and q = 6. The result for q = 4 
was incorrectly "proved" by Lee (1958). 
1. For q = 4, (3) becomes X 2 + 7 = 8.4 ~ = 22k+~. By the above- 
mentioned result of Nagell (1948), the only possible (n, k)4 code can 
occur when lc = 6. But, by (2), lc = 6 ~ n = ~,  which is not an integer; 
thus we are done. 
2. For q = 6, (3) becomes X 2 - 1 = 8.6 k. Since X must be odd, we 
make the transformation X ~ 2X + 1, which yields 
X(X-{ -  1) = 2k+'.3 k. (7) 
Since X and X + 1 are relatively prime and 3 ~ > 2 k+l for k => 3, a 
solution of (7) would have X = 2 ~+1 and X + 1 = 3 k. Then 1 = 3 k -- 
2 k+~, which is false for ]~ > 3. 
IV. REMARKS ON ARBITRARY q => 2 
For fixed q > 2 P61ya (1918) and Landau and Ostrowski (1921) have 
shown that equations of type (3) and (3*) have a finite number of 
solutions u(n, k)q. Thus, for each q, there are at most a finite number 
of (n, k)q codes. To date, only two have been discovered; namely, the 
(5, 4)2 and (11, 5)3 codes previously mentioned. As we have seen, these 
are the only ones possible for 2 =< q < 6. 
It  has been verified on the IBM 7030 that there do not exist any 
solutions to (3*) for 3 -< /c =< 40,000 and 3 =< q (odd) =< 125 except 
for ~(11, 5)3, ~(90, 12)2, and ~(5, 4)2. If any further solution u(n, k)q 
is found, it might be extremely difficult to determine whether it belonged 
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to a perfect double error-correcting code. Also if such a code could be 
found~ it is doubtful  that  it  could be pract ical ly  implemented.  
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